Antigen presenting cells present processed peptides via their major histocompatibility (MH) complex to the T cell receptors (TRs) of T cells. If a peptide is immunogenic, a signaling cascade can be triggered within the T cell. However, the binding of different peptides and/or different TRs to MH is also known to influence the spatial arrangement of the MH a-helices which could itself be an additional level of T cell regulation. In this study, we introduce a new methodology based on differential geometric parameters to describe MH deformations in a detailed and comparable way. For this purpose, we represent MH a-helices by curves. On the basis of these curves, we calculate in a first step the curvature and torsion to describe each ahelix independently. In a second step, we calculate the distribution parameter and the conical curvature of the ruled surface to describe the relative orientation of the two a-helices. On the basis of four different test sets, we show how these differential geometric parameters can be used to describe changes in the spatial arrangement of the MH a-helices for different biological challenges. In the first test set, we illustrate on the basis of all available crystal structures for (TR)/pMH complexes how the binding of TRs influences the MH helices. In the second test set, we show a cross evaluation of different MH alleles with the same peptide and the same MH allele with different peptides. In the third test set, we present the spatial effects of different TRs on the same peptide/MH complex. In the fourth test set, we illustrate how a severe conformational change in an a-helix can be described quantitatively. Taken together, we provide a novel structural methodology to numerically describe subtle and severe alterations in MH a-helices for a broad range of applications.
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Introduction
In adaptive immunology T cells, especially T cell receptors (TR) play an essential role in the interaction process with antigen presenting cells (APCs). TRs are localized on the surface of T cells which can be activated upon contact with APCs. These APCs present peptide antigens via the major histocompatibility (MH) complex on their surface. [1] The recognition of the peptide/MH (pMH) complex by the TR is essential for T cell triggering. In this context, the interface region between the complementary determining regions (CDRs) of the TR and the a-helices which span the MH binding groove (G-domain) in combination with the presented peptide is of special interest. [2] So far sequence-based methods have been used to investigate MH a-helices, for example, the IMGT/Collier dePerles tool. [3] However, it is known that even sequence identical MH a-helices can have significant structural differences. [4] This was shown experimentally on the basis of H-2K(bm8) in complex with pBM1 and pBM8 peptides [5] and in silico on the basis of I-Au in complex with altered peptide ligands from myelin basic protein. [6] The structural basis how a single TR signaling cascade is activated remains still an unsolved question. Several different models for this process were proposed [7] and in most of them at least subtle structural deformations of the TR/pMH interface are expected. Thus, the appropriate structural description of this interface is a crucial challenge.
To characterize such deformations, several generic protein characterization methods are available from the literature: They include solvent accessible surface area, the number and position of hydrogen bonds and interaction energies, radius of gyration, bond-angle combinations, and secondary structure assignment. Also, structural alphabets based on the bond and torsion angle of four-residue long protein fragments are available. [8] Via combination of this alphabet and principal component analysis, the motions of proteins have been described. [9] However, structural methods specific for MH a-helix characterization are sparse and most of the time standard methods are used to describe MH a-helices in the stationary [10] and dynamic case. [11, 12] Hence, in this study we propose novel methods originating from differential geometry to investigate the spatial orientation of MH a-helices based on curve models previously published by our group. [13] Such differential geometric methods have been applied before for several aspects of structural bioinformatics: Goldman and Wipke [14] described the molecular surface complementarity in ligand docking. Marathe et al. [15] used the radius of curvature and the torsion angle to compare free DNA complexes against protein-bound DNA. Shazman et al. [16] investigated the geometry and shape of the binding interfaces of DNA and RNA complexes. Schmidt et al. [17] investigated the relation between Gaussian curvature of membranes and bactericidal activity via membrane destabilization. Hausrath and Goriely [18] used curvature profiles to construct atomically detailed protein models. The calculations of the curvature and torsion relating to characterize a curve is a common method: Lewiner et al. [19] presented a method to estimate the curvature and torsion from sampled curves. However, the application of differential geometric parameters for the description of MH a-helices is still lacking.
In the current study, we show how such differential geometric parameters can be used to describe the a-helices of both MH class 1 (MH1) and MH class 2 (MH2). We present methods to describe the MH a-helices independently as well as in their relative arrangement. Subsequently, we show how our methodology sheds light on several aspects of TR/pMH interaction: First, on the geometric differences between single MH complexes and MH complexes binding a TR; second, on different MH alleles with the same peptide and the same MH alleles with different peptides; third, on spatial deformation in the same pMH by binding two different TRs; and fourth, on helical disruption arising during a Molecular Dynamics (MD) simulation.
Methods

Differential geometric parameters for MH a-helices
We have shown in a previous study, [13] how MH a-helices can be fitted by polynomials and curves in an appropriate way by application of the corrected Akaike-criterion. [20] In the following, we present several different differential geometric methods of how these curves can be described and compared to each other. The following methods are implemented according to the mathematical background provided by Pottmann and Wallner, [21] which is a basic introduction to differential geometry. For further details also see Do Carmo, [22] who introduced the differential geometry especially in the Euclidean three-dimensional space.
Curvature and torsion of a-helices
The first parameter is the local curvature jðuÞ, which we determined for each curve representing an a-helix. For a given parameterized curve cðuÞ, the local curvature jðuÞ is defined as
The local curvature jðuÞ describes the local rate of change from the direction of the tangent vector. The inverse of the curvature jðuÞ 21 is the radius of the circle of curvature ( Figure   1A ). The local curvature j describes how strong the a-helices are curved in a certain range. In three-dimensional space, the local torsion sðuÞ, 
describes the local rate of change of the curve cðuÞ from the plane spanned by tangent and principal normal vector ( Figure  1A ). The local torsion s describes how strong the curves representing the a-helices are twisted in a certain range. In detail, the torsion s describes the rate of the twisting of the binormal vector about the axis spanned by the tangent vector. The sign of the torsion s determines the direction of rotation of the binormal vector. A positive torsion s characterizes an anti-clockwise rotation, which we refer to as right-handed twisting of a curve. A negative torsion s characterizes a clockwise rotation, which we refer to as left-handed twisting of a curve. Note that, these twisting properties have no bearing on the direction of the helical turns. We rather approximated the entire a-helices by curves and hence the direction of the helical turns is vanished in our model. The curvature j and the torsion s are able to uniquely describe a curve in three-dimensional space up to rigid body motions (e.g., parallel translations, rotations). For a better biological interpretation, we took the moving average of the local curvature j and local torsion s over four amino acids (AA) (corresponding to approximately one helical turn). With this method, we were able to investigate, which helical turns are responsible for a change in the parameters derived from the curve. For example, in the case of the curvature j, we obtained a value jðiÞ5c l P i13 j5i jðjÞ for each window i51; …; n23, where the coefficient c l normalizes the value to the length of the curve and n is the number of AAs of the considered a-helix. In the following, we will call these obtained values average curvature and average torsion, respectively.
Area between helices
The curvature j and torsion s defined by eqs. (1) and (2) are measures for the spatial evolution of a single a-helix. In this subsection, we introduced a measure of the size of the Gdomain. We approximated the area between two curves by introducing a triangulation of the ruled surface and computing the area of each triangle ( Figure 1B) . First, we added these areas, which lead to
where A i is the area of the ith triangle, and second, we normalized the area by the number of the AAs of both a-helices (N AA ) which leads to
The area A GÀdomain measures the absolute area of the G-domain. The area A per Residue is a measure for the average area of the G-domain and is useful for the comparison of complexes with different number of AAs.
Geometrical characterization of the ruled surface
Finally, we intended to describe the relative orientation of two a-helices; therefore, we introduced two characteristic Figure 1 . Differential geometric parameters for MH a-helices: (A) Representation of curvature j and torsion s: Curve (blue) with a local coordinate system in a curve point spanned by tangent vector (red), principal normal vector (yellow), and binormal vector (green). In the plane spanned by tangent vector and principal normal vector (gray), the circle of curvature (orange) is illustrated. For different views of this picture, we refer to Figure S1 of the Supporting Information. (B) Course-grained area A GÀdomain : Two curves (blue) represent the two a-helices of the MH. We calculated the area A GÀdomain by a triangulation of the ruled surface between the two curves. For different views in a representative X-ray structure, we refer to Figure S2 of the Supporting Information. (C) Ruled surface generated by the curves (blue lines) representing the two a-helices of the MH H-2Kb (white) with the PDB accession code 1s7q (compare Test set 2: MH1 cross evaluation). The coarse-grained rulings (blue) originate from a movement of a straight line along the two curves. The striction curve c Ã (red), representing the evolution of the distribution parameter k, illustrates in a graphical way the skew parts (rulings are skew to each other) and the torsal parts (points of the striction curve c Ã converges to infinity). For different views of this picture, we refer to Figure S3 of the Supporting Information. (D) Director cone (course-grained blue rulings fixed in origin) with the spherical curve (cyan) on the unit sphere. The conical curvature J measures the curvature on the unit sphere of the spherical curve. The beginning of the ruled surface is marked with a zero. For different views of this picture, we refer to Figure S4 of the Supporting Information. Three-dimensional representations of this study were rendered in the software VMD. [23] [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.] parameters of the ruled surface. [24] Generally, a ruled surface is used for the description of scattered data points originating from a surface in three-dimensional spaces. [25] In our case, the ruled surface is employed as a kind of bridge between the two curves to describe the relative spatial alignment of the a-helices. A ruled surface results from a movement of a straight line along the two curves representing the two a-helices. For an approximation of this surface, we discretized both curves by the same number of curve points and connected the points of one curve with the corresponding points of the other curve ( Figure 1C ), yielding the so-called generator lines or rulings with direction XðuÞ. By calculating the foots of perpendicular of each pair of two adjacent rulings, we obtained a uniquely determined curve on the ruled surface, the so-called striction curve c Ã (red line in Figure 1C ) with its striction points. Based on the striction curve c Ã , the parameterization of the ruled surface is given by f ðu; vÞ5c Ã ðuÞ1vXðuÞ, with the constraint k XðuÞ k 51. From this representation, we were able to calculate the two characteristic parameters of a ruled surface: The distribution parameter k is defined as
and the conical curvature J is given as
The distribution parameter k measures the change of the tangent plane along the rulings starting from the striction point. The absolute value of the distribution parameter k measures the velocity of the winding of the tangent plane around the rulings. A small value indicates a fast winding and a large value indicates a slow winding around the ruling. The sign of the distribution parameter k indicates the direction of the winding. The conical curvature J is defined as follows: The normed vectors of the rulings fixed in the origin span a socalled director cone. The spherical curve XðuÞ is obtained by the intersection of the director cone with the unit sphere (Figure 1D) . The conical curvature J characterizes the change of the tangent of the spherical curve XðuÞ. A ruled surface is called conoidal, if its director cone is a plane. In this case, the spherical curve is a great circle on the unit sphere and the conical curvature J is zero. The sign of the conical curvature J describes the direction of the curve on the sphere: A positive curvature J determines a left-hand bend on the sphere; a negative curvature J determines a right-hand bend on the sphere. The values of the conical curvature J increase with decreasing radius for spherical curves which lay on small circles. Hence, the values of the conical curvature J span a large range. For the visualization, we introduced two methods. First, the conical curvature J is depicted by zooming at different scales, which has the advantage that one is able to investigate the conical curvature J of different small circles. Second, we applied a nonlinear transformation to the conical curvature J to map the values to an interpretable range. Taking the logarithm would cross one 0 s mind; however, the logarithm is only defined in R for positive values. Since the conical curvature J could be negative, the logarithm is not appropriate to scale our data. Instead, we applied the arc tangent function, which maps the conical curvature J to the range of 2
Additionally, these parameters (distribution parameter k, conical curvature J) discriminate between skew ruled surfaces and torsal ruled surfaces. Skew ruled surfaces have skew rulings, whereas torsal ruled surfaces have either parallel rulings or the rulings have a common intersection. The ruled surface depicted in Figure 1C has both parts. For the major part of the ruled surface, the rulings are skew and hence we were able to calculate the striction points for the striction curve c Ã . In the torsal part, the calculation of the striction points becomes numerically unstable, since the rulings lie practically parallel to each other. The torsal surface of Figure 1C is the range, where the surface changes its winding (see Results section). The distribution parameter k becomes zero in this part, since the vectors lie parallel to each other.
Also for the distribution parameter k and the conical curvature J, we computed the moving average over an average turn and, therefore, we obtained 36 average distribution parameters k and average conical curvature J, respectively, of the ruled surface for the MH1 case and 34 for the MH2 case. The AAs corresponding to the positions along the striction curve c Ã are listed in Supporting Information Table S1 for MH1 and  Supporting Information Table S2 for MH2. In the following, we will call this obtained values average distribution parameter or average conical curvature, respectively.
Treatment of the helical ends
At the end of secondary structure elements, some AAs may not be unambiguously classifiable. Therefore, an a-helix faces the problem of ambiguous boundaries. [26] In order to avoid artifacts, we smoothed the curves and refrained from analysis of the last helical turn of each a-helix.
Employed test sets
To test our developed methodology, we selected four test sets of X-ray structures from the Protein Data Bank (PDB). [27] To make the results of the single X-ray structures comparable we superimposed each complex on the protein with the PDB accession code 1a1m. We chose this complex, since it is the first complex in alphabetical order of the PDB accession codes. Superimposition of all complexes to the same reference structure guarantees that the orientation of the local coordinate system of each complex points in the same direction.
Our parameters uniquely describe a curve and a ruled surface in three-dimensional space up to rigid body motions. Therefore, the only effect of choosing a different reference for superimposition would be a possible change in the sign of the torsion s, distribution parameter k, and/or conical curvature J.
Each of our test sets is described in the subsequent sections.
Test set 1: How TRs deform MH a-helices
The aim of the first test set is to determine how the docking of a TR to pMH influences the a-helices and the shape of the G-domain. Based on the IMGT, [28] we extracted all available (TR)/pMH from the PDB and classified the 403 complexes into pMH1 (321 complexes), pMH2 (18 complexes), TR/pMH1 (52 complexes), and TR/pMH2 (ten complexes). We compared the differences in j, s, A GÀdomain , A per Residue , k, and J between the groups pMH1 and TR/pMH1 as well as between pMH2 and TR/ pMH2. This test case is referred to as Test set 1: How TRs deform MH a-helices.
Test set 2: MH1 cross evaluation
In our second example, we investigated two MH1 molecules (H-2Kb and H-2Db) in complex with four different peptides (KAVYNFATM, KAVYNLATM, KALYNFATM, KAVFNFATM) available by the PDB accession codes 1s7q, 1s7r, 1s7s, 1s7t, 1s7u, 1s7v, 1s7w, 1s7x. [29] This research will shed light on possible differences in the spatial alterations caused by MH alleles with the same peptide as well as different peptides bound to the same MH allele. This test case is referred to as Test set 2: MH1 cross evaluation.
Test set 3: Different TRs
In the third test set, we selected a MH2 molecule (I-Ab) presenting the peptide FEAQKAKANKAVD in complex with two different TRs (YAe62 and B3K506). The X-ray structures of these TR/pMH2 complexes have the PDB accession codes 3c60 and 3c5z. [30] The two TRs differ by 34 AA mutations out of 198
AAs in the a-chain (17%) and 17 mutations out of 236 in the b-chain (7%). Altogether they differ by 12% of all TR AAs. These mutations are exclusively localized in the variable regions of the chains, especially in the CDRs. This test case is referred to as Test set 3: Different TRs.
Test set 4: Helical disruption during a Molecular Dynamics simulation
In our last example, we investigated a MD simulation of a modified X-ray structure of PDB accession code 1k2d (I-Au/ MBP1-11 complex) as published previously. [6] In this previous study, we described a helical disruption in the helix G-ALPHA (AA 19-23). Here, we investigated how this helix deformation becomes noticeable with the methods presented herein. We compared the initial configuration of the MH simulation at the time 0 ns with an average structure of the time between the 15th and the 22nd ns as previously described by Knapp et al. [6] This test case is referred to as Test set 4: Helical disruption during a Molecular Dynamics simulation.
Overlap analysis for groups of complexes
As the differential geometry parameters are not only used for the comparison of two complexes, but also for groups of more complexes, an additional description of how this can be done in an appropriate way is given subsequently.
For the comparison of two groups of complexes, we calculated for each position along each helix and ruled surface, respectively, the differential geometric parameters. We obtained in each position as many values for a parameter as number of complexes. For each position, we split the values according to its group membership, yielding two subgroups. Subsequently, we calculated the median and the boundaries of the 95%-interpercentile range (IPR) for each subgroup in each position. On this basis one is able to illustrate the developing of the median and the IPRs over the helix and ruled surface, respectively, by connecting the discrete values of each position with each other. This methodology is most appropriate; since several outliers are expected in the X-ray structures of the PDB [31] and the group sizes differ. For a more detailed analysis, we calculated for each position the percentages of overlap, po, of the interception of the two groups (IPR group1 \IPR group2 ). More precisely, it is possible to calculate the po of the interception of the two groups (IPR group1 \IPR group2 ) relative to the whole range, spanned by both groups (IPR group1 [IPR group2 ), or relative to the one group (IPR group1 ), or relative to the other group (IPR group2 ). In the following, we described these three po mathematically and illustrated them in Figure 2 .
First, we computed the percentages of overlap po [IPR of the interception of the two groups (IPR group1 \IPR group2 ) relative to the whole range, spanned by both groups (IPR group1 [IPR group2 )
Second, we computed the percentages of overlap po IPRgroup1 of the interception of the two groups (IPR group1 \IPR group2 ) relative to the subset of one group (IPR group1 ) (7) Third, we computed the percentages of overlap po IPRgroup2 of the interception of the two groups (IPR group1 \IPR group2 ) relative to the subset of the other group (IPR group2 )
By these calculations, we obtained three percentage values in each position of the helix and the ruled surface, respectively, which describe the relative position of the IPRs to each other. Thus, we obtained for each position along a curve three percentage scores. Furthermore, we merged these percentage scores in a super-score, which is classified in three groups. The first group contained all positions of a curve or ruled surface, respectively, where all three po are <90%, the second group contained all positions, where two po are <90%, and the third group contained all positions, where two or all three po !90%. Therefore, each position within the curves or the ruled surface belongs to one group. We calculated the sum of the lengths of the IPRs ( P IPR group1 , P IPR group2 ) in the obtained groups as a scatter measure for the comparison between the two subgroups in interesting ranges of the curves and ruled surface, respectively.
Results
In this section, we present the evaluation of our four test sets. For each complex (coordinates in nm), we calculated the six above described parameters j (nm 21 ) and s (nm 21 ) independently for each a-helix and A GÀdomain (nm 2 ), A per Residue (nm 2 ), k (nm), and J (-) once for each complex.
Test set 1: How TRs deform MH a-helices
In this test set, we analyzed the differences in our parameters between pMH complexes bound to TRs and unliganded pMH complexes. Based on these calculations, we described the differences between pMH1 and TR/pMH1 as well as pMH2 and TR/pMH2 on the basis of the overlap analysis for groups of complexes (Methods). By applying our first method to all MH1 complexes (321 pMH1 and 52 TR/pMH1), we calculated the average curvature j [eq. (1)] and the average torsion s [eq. (2)] of the helix G-ALPHA1 and the helix G-ALPHA2. The IPR TR=pMH1 and the IPR pMH1 , yielded by the overlap analysis, are depicted in Figures 3A and 3B for the helix G-ALPHA1 and in Figures 3C and  3D for the helix G-ALPHA2. In Table 1 , we summarized our overlap analysis with the three percentages scores [eqs. (7) (8) (9) ] along the curves and ruled surface, respectively, colored according as the three groups of the super-scores. The helix G-ALPHA1 differs in the average curvature j in the range from positions [19] [20] [21] [22] [23] and in the torsion s at the N-terminal end in the range from positions 1-10 (AA 1-13) and at the C-terminal end in the range from positions 27-32 (AA 27-35) ( Table 1 ). The major differences of the helix G-ALPHA2 are found in the curvature j in the range from positions 5-7 (AA 5-10) and positions 24-29 (AA 24-32) as well as in the torsion s at the N-terminal end in the range from positions 1-14 (AA 1-17) ( Table 1 ). In contrast to the helix G-ALPHA1, which has at the N-terminal end (positions 1-19) a right-handed twisting and at the C-terminal end (positions 20-33) a left-handed twisting, the twisting properties at the terminal ends of helix G-ALPHA2 are almost mirrored ( Figures 3B and 3D) , that is, parts of the curves, representing the a-helices, localized opposed having both either positive or both negative torsion s values.
With our second method, we calculated the area A GÀdomain and the normalized area A per Residue [see eqs. (3) and (4)] between the helix G-ALPHA1 and the helix G-ALPHA2 without considering the last three AAs to avoid artifacts. The IPR TR=pMH1 and IPR pMH1 of the area A GÀdomain and the area A per Residue (see Table 2 ) overlap each other by 59%. The area of the G-domain of TR/pMH1 complexes is slightly bigger.
Characterizing the G-domain of the MH1 complexes, we applied our third method and calculated the striction curve c Ã of the ruled surfaces with its two characteristic properties; the distribution parameter k [see eq. (5)] and the conical curvature J [see eq. (6)]. The results are illustrated in Figure 3E for the distribution parameter k and in Figure 3F for the conical curvature J. As we mentioned in Methods section, the conical curvatures J span a large range. Hence, we first zoomed into Figure 3F two times ( Figures S5A, S5C , S5E of the Supporting Information) and second applied the arc tangent transformation ( Figure S6A of the Supporting Information). Table 1 shows that the ruled surfaces of the two MH1 groups differ in the distribution parameter k in the range from positions 8-23 (for the corresponding AAs see Supporting Information Table S1 ) and in the conical curvature J in the range from positions 1-7 as well as in the range from positions 27-34. The ruled surface has a negative winding in the range from positions 1-26, it becomes torsal (k 5 0 nm) in the range from positions 27-34 and has a positive winding in the range from positions 25-36 ( Figure 3E ). The spherical curve is a right-hand bend in the range from positions 1-10 (sign of J is negative), a left-hand bend in the range from positions 11-24 (sign of J is positive), and finally again a right-hand bend in the range from positions 26-36 (sign of J is negative) ( Figure 3F and Supporting Information Figure S5E ).
Similar to the case of the MH1 complexes, we applied our parameters (j and s independently for each a-helix and A GÀdomain , A per Residue , k, and J once for each complex) to all MH2 complexes of our Test set 1 (18 pMH2 and 10 TR/pMH2). We illustrated in Figures 4A and 4B , the curvature j and the torsion s of the helix G-ALPHA and in Figures 4C and 4D , the curvature j and torsion s of the helix G-BETA. The two characteristics (distribution parameter k and conical curvature J) of the ruled surface are depicted in Figures 4E and 4F . We zoomed again two times in Figure 4F of the conical curvature J ( Figures S5B, S5D and S5F of the Supporting Information) and transformed it with the arc tangent ( Figure S6B of the Supporting Information). In Table 3 , we illustrated the overlap analysis with the three percentages scores po [eqs. (7) (8) (9) ] along the curves and ruled surface, respectively, colored according as the three groups of the super-scores of the MH2 complexes.
The major differences of the helix G-ALPHA are found in the range from positions 18-29 (AA 18-32), especially in the The results are highlighted according to the super-score (1st group: gray and bold, 2nd group: gray, and 3rd group: white). We calculated the sum of the IPRs in the obtained ranges and declared the overall sum in the last row. (We quoted four decimal places, since three decimal places are significant and the fourth decimal place contains the round-off error.) torsion s, since pMH2 complexes have a more left-handed twisting in this range than TR/pMH2 complexes ( Figure 4B ). In the same way, the most differences of the helix G-BETA are found in the torsion s ( Figure 4D ). The helix G-ALPHA has at the N-terminal end a right-handed twisting and at the C-terminal end a lefthanded twisting ( Figure 4B) , additionally, the results show differences in the twisting properties between the pMH2 and TRnpMH2 complexes. The helix G-BETA has almost everywhere a left-handed twisting, only in the range from positions 28-34 (AA 28-37) it has a right-handed twisting ( Figure 4D ). We analyzed the area A GÀdomain and the area A per Residue [see eqs. (3) and (4)] between the helix G-ALPHA and the helix G-BETA without considering the 3 AAs as in the case of the MH1 complexes. The IPR TR=pMH2 and IPR pMH2 of the area A GÀdomain and the area A per Residue (see Table 4 ) overlap each other by 68%. The area of the G-domain of TR/pMH2 complexes is slightly smaller.
The major differences of the characteristic properties of the ruled surfaces between the MH2 groups are found in the distribution parameter k in the range from positions 8-16 (for the corresponding AAs see Supporting Information Table S2 ) and in the conical curvature J in the range from positions 1-14 (Table 3) . In both cases, the IPR TR=pMH2 takes a larger range than the IPR pMH2 . The ruled surface has a negative winding in the range from positions 1-27, it becomes torsal (k 5 0 nm) in the range from positions 28-32 and has a positive winding in the range from positions 34-35 ( Figure 4E ). The spherical curve is a right-hand bend in the range from positions 1-10 (sign of is negative), a left-hand bend in the range from positions 12-24 (sign of J is positive), and finally again a righthand bend in the range from positions 25-34 (sign of J is negative) ( Figure 4F and Supporting Information Figure S5F ). Figure 4F shows that there are one or more outlier complexes, that have a positive and large conical curvature J in the range from positions 1-10, which we found according the Hampel test. [32] We picked out those complexes, which have an extreme value in more than two positions in at least one parameter (j, s, k, J, A GÀdomain , and A per Residue ) and displayed them in Table 5 . On this basis, we found four TR/pMH1 complexes, 13 pMH1 complexes, and one TR/pMH2. For example, if one compares Figure 4E with Table 5 , the outlier 3c60 is clearly visible as a peak in the range from positions 3-9.
Furthermore, we investigated to which extent the found differences originate from uncertainties in the X-ray structures. Therefore, we repeated the analysis and weighted our curves by the inverse of the b-factors. The relative differences between the parameters remain similar (Supporting Information Figure S7 for MH1 and Supporting Information Figure S8 for MH2). Additionally, we visualized the differences between the two types of curves graphically (Supporting Information Figure S9 ). In our software, we provide an additional option to weight the curves with the inverse of the b-factors.
One might ask if the differences in our parameters are also reflected in standard measurements. For this purpose, we calculated the RMSD-values between each complex and the average structure of all complexes ( Figure S10 of the Supporting Information). The comparison of our method and the RMSD shows that both methods point to the same direction. Additionally, our method is able to analyze the differences in the underlying geometry and the relative spatially alignment of the a-helices.
Test set 2: MH1 cross evaluation
In the example Test set 2: MH1 cross evaluation, we analyzed the differences between MH1 types (H-2Kb and H-2Db) and four different bound peptides (KAVYNFATM, KAVYNLATM, KALYNFATM, and KAVFNFATM). The results show that the eight complexes are clustered according to their MH1 alleles ( Figure 5 , respectively, Supporting Information Figure S11 ): In this example, the four complexes of H-2Db (PDB accession codes 1s7u, 1s7v, 1s7w, 1s7x) show a slightly increased average curvature j at the terminal ends of the helix G-ALPHA1 (Supporting Information Figure  S11A ). This cluster is also observable in the average torsion s (Figure 5A) , where the four H-2Db complexes have higher absolute average torsion jsj values, than the H-2Kb complexes (PDB accession codes 1s7q, 1s7r, 1s7s, 1s7t).
Another interesting case is the analysis of the peptide KAVYNLATM in complex with H-2Kb (1s7r) and in complex with H-2Db (1s7v), since the parameters (j, jsj) of the helix G-ALPHA1 are the lowest ones in the H-2Kb cluster and the highest ones in the H-2Db cluster. We observed similar behavior in the helix G-ALPHA2, where the two MH alleles in complex with the peptide KAVYNLATM occur as outliers ( Figure  5B ). The average distribution parameter k ( Figure 5C ) shows severe differences in the first part (positions 1-7), where the ruled surface of all complexes has a negative winding with exception of the H-2Db in complex with the peptide KAVYN-LATM (1s7v), which is torsal (k 5 0 nm). The H-2Db complexes have a more negative winding than the H-2Kb complexes.
In Supporting Information Figure S11F and in the arc tangent representation in Supporting Information Figure S6C , respectively, the conical curvature J of the H-2Db in complex with the peptide KAVYNLATM (1s7v) becomes apparent as outlier in the range from positions 1-6, where the right-hand bend of the spherical curve is increasingly sharper. The smallest area A GÀdomain of the G-domain has the H-2Db in complex with the peptide KAVYNLATM (1s7v) with 6.3363 nm 2 . The H2Db in complex with the peptide KAVFNFATM (1s7x) has the We quoted four decimal places, since three decimal places are significant and the fourth decimal place contains the round-off error.
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largest area A GÀdomain of the G-domain with 6.5270 nm 2 ( Table   6 ). In Figure 5D , we illustrated the two MH alleles in complex with the KAVYNLATM. As one can see, the helical backbones are not identical, but appear quite similar. Here, our methods are able to detect even subtle differences in the a-helices and the area A GÀdomain of the G-domain, which cannot be assessed with the naked eye.
The RMSD values between each complex and the average structure is illustrated in Table S4 of the Supporting Information.
Test set 3: Different TRs
Interesting insights are found Test set 3: different TRs, where we investigated the I-Ab allele presenting the peptide FEAQKAKAN-KAVD in complex with the TR YAe62 (PDB accession code 3c60) and in complex with the TR B3K506 (PDB accession code 3c5z).
The helix G-ALPHA shows very few differences between the two TR/pMH2 complexes (Supporting Information Figures S12A and S12B). In contrast, the helix G-BETA of the MH2 in complex with B3K506 (3c5z) has on average a 0.0137 nm 21 higher left-handed twisting at the N-terminal end (positions 1-4, corresponding to AA 1-7) ( Figure 6A ). In the range from positions 5-18 (AA 5-21), the MH2 in complex with the YAe62 (3c60) has an average value of 0.0551 nm 21 ( Figure 6A ). In the C-terminal end of the helix G-BETA (positions 19-38, corresponding to AA 19-41), the MH2 in complex with YAe62 (3c60) has, on average a 0.0711 nm
21
higher right-handed twisting ( Figure 6A ). These alterations of the helix G-BETA influence the ruled surface and are reflected in the distribution parameter k ( Figure  6C ). In the range of positions 2-4, the ruled surface of the MH2 in complex with the B3K506 (3c5z) has on average a 0.0330 nm a more negative winding, which increases to 0.0466 nm on average in the range from positions 14-28. In the range of positions 33-44, the ruled surface of the MH2 in complex with the YAe62 (3c60) has a positive winding, whereas the MH2 in complex with the B3K506 (3c5z) is torsal (k 5 0 nm).
The spherical curve of the MH2 in complex with the YAe62 has in the range from positions 1-12 and 27-32 a higher conical curvature J ( Figure 6B ). In the range from positions 13-26, the MH2 in complex with the B3K506 (3c5z) has about 0.9575 higher conical curvature J. ). The RMSD between the G-ALPHA helices is 0.0647 nm while it is 0.3976 nm between the G-BETA helices.
Test set 4: Helical disruption during a Molecular Dynamics simulation
Employing our methods, we were able to investigate the impact of a helical disruption in a small region of the helix as well as on the whole G-domain. In our example, we compared the configuration at time 0 ns of the I-Au/MBP1-11 complex simulation, with the average configuration. In this average structure, the helix G-ALPHA loses its form between AA 19-23. The consequence of this helical disruption for the helix G-ALPHA in this range is a decrease by 0.0575 nm 21 of the curvature j ( Figure 7A ) and a decrease by 0.0369 nm 21 of the torsion s ( Figure 7B ). Hence, the geometry of the whole helix G-ALPHA is influenced by this helical disruption: The curvature s increases on average by 0.0515 nm 21 in the range from posi- Figures S13C and S13D ).The biggest difference is a decrease in the torsion s by 0.0180 nm 21 in the We quoted four decimal places, since three decimal places are significant and the fourth decimal place contains the round-off error. Table 5 . Outliers of Figure 3 and Figure 4 . Figure S13D ). These alterations of the helices influence the G-domain, characterized by the ruled surface, enormously ( Figure 7C ). The ruled surface has in the range of the helical disruption of the helix G-ALPHA a negative winding (positions [19] [20] [21] [22] [23] [24] [25] [26] . In the first part of this range (positions [19] [20] [21] [22] , the distribution parameter j increases by 0.0409 nm, in the second part (positions 23-24) the distribution parameter k decreases by 0.0308 nm, and finally it increases by 0.0263 nm in the third part (positions [25] [26] . Hence, the distribution parameter k of the whole ruled surface is influences: It decreases by 0.1285 nm in the range from positions 1-10 and increases by 0.1188 nm in the range from positions 11-22. The helical disruption of the helix G-ALPHA influences the spherical curve (Supporting Information Figure S13F Figure S11 of the Supporting Information. In Supporting Information Table S3 , we presented the resolutions and b-factors of these complexes. We quoted four decimal places, since three decimal places are significant and the fourth decimal place contains the round-off error.
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WWW.C-CHEM.ORG position 10 during the simulation. It becomes again a righthand bend at position 24, which changes to position 21 after the simulation. In Figure 7D , the MH2 complex at the time 0 ns and the average structure are illustrated graphically, where the obvious alterations are observable. The RMSD between the two G-ALPHA helices is 0.4711 nm while it is 0.3641 nm between the G-BETA helices.
Discussion
Why are a-helices biologically important?
In this study, we demonstrated the application of several differential geometric parameters (j, s, A GÀdomain , A per Residue , k, and J) to characterize the alterations in MH a-helices. The importance of MH a-helices in T-cell activation and the importance of this process in human disease are manifold. It ranges from forming the classical G-domain for peptide presentation [1] to several other functions as briefly summarized in the following.
There is evidence that indirect recognition of MH plays an important role in allograft rejection. [33] [34] [35] Previous studies showed that peptides derived from a-helices of allo-MH antigens are potent inducers of CD41 and CD81 T cell responses after cardiac allograft rejection. [35] It is also known that donor-recipient class II matching improves kidney graft survival in humans. [36] Furthermore, T-lymphocytes from spleen showed strong proliferation to peptides from a-helical region of MH ten days after rejecting kidney allografts. [37] Data from the same study also demonstrated that the physiological processing of donor antigens Figure S12 of the Supporting Information. In Supporting Information Table S3 , we presented the resolutions and b-factors of these complexes. [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary. com.] influence which MH peptides will be important in indirect allorecognition in transplantation. Moreover, the role of a-helices has been implicated in hematopoietic stem cell transplantation (SCT), which is an established treatment for a variety of hematological disorders, such as hematological malignancies. Complications of SCT from HLA-mismatched donors are often graft-versus-host disease or graft failure.
While it is generally believed that the motifs involved in TR/MH association are predominantly located in the a-helices of the MH [38] the total number of AA substitutions in the MH not necessarily correlates with alloreactivity [39] However, predictive methods for HLA matching often attach greater significance to AAs of the MH a-helices [40] suggesting a recognition code in the side-chain orientation of the MH ahelices. [41] Activation of T cells by MH molecules has also found its application in the field of oncology. Development of MH2 vaccines is a promising approach for the prevention and treatment of patients with metastatic cancers. [42] The MH2 vaccines are tumor cells that are genetically modified to express MH2 and co-stimulatory molecules and are capable to activate tumor-reactive CD41 T lymphocytes. Further, superantigens do not bind inside the G-domain but rather interact with the outside, that is, the MH ahelices. [43, 44] Especially, in the case of superantigen staphylococcal enterotoxin A interaction both a-helices along the Gdomain are required for superantigen induced T cell proliferation. [45] Other hypotheses on the importance of the MH a-helices even take one step further and postulate that the evolutionary-conserved, tri-dimensional cusp found in the middle of the MH a-helices, may play an important role in a variety of biologic functions which have little to do with classical antigen presentation: [46] Examples for such extended functions of MH Figure S13 of the Supporting Information. In Supporting Information Table S3 , we presented the resolutions and b-factors of these complexes.
could be hemochromatosis, [47] association with pheromone receptors, [48] or association with IgG transport. [49] Biophysical mechanism of the ligand induced conformational changes on MH a-helices
It is known that MH1 helices move slightly when adjusting to peptide ligands and TRs. [1] Even subtle changes in the environment of the peptide can affect thermostability and alloreactivity. [50] Recently, the conformational variations in MH2 structures have been broadly reviewed: [51] While the canonical conformation of the peptide binding mode is maintained by a network of hydrogen-bonds between the peptide backbone and the MH, the polymorphic sequence of MH2 molecules causes differences in the architecture and charge of the MH2 structure. This affects especially the regions of the MH G-domain with its binding pockets for anchoring the presented peptide resulting in severe differences in the peptide binding capability. According to Painter and Stern, [51] these structural alterations in the helices are especially present in the helical regions a45-54 (AA 1-9 of helix G-ALPHA) and in the kink in the helical region b62-71 (AA 11-20 of helix G-BETA). The later site was also reported as undergoing peptide induced conformational changes: In some outliers, the kinked region even tilted toward the peptide G-domain by about 4 Å . Further experimental evidence for peptide-induced conformational changes was found in Lys a67, Arg a50, Lys b98, and Arg b189. [52] Interestingly, no X-ray or NMR structure has been reported for MH2 in absence of a peptide. This indicates that the peptide has severe effects on the stability of the MH in general and especially on the a-helices around the peptide. Hence, computational groups have performed MD simulations to investigate the behavior of MH2 in the absence of a peptide and found severe structural changes in the whole peptide G-domain [53] up to unfolding of a helix part and adopting a peptide-like binding mode to MH. [52] Apart from classical MH molecules, there is a plethora of MH-like structures consisting of two semiparallel a-helices and a b-sheet floor below. [54] This illustrates the high flexibility and adoptability of MH-like folds.
Differential geometric parameters in previous protein structure studies Differential geometry parameters are well-known in the field of computational molecular biology, where they are mainly used for calculations involving solid-state NMR and protein folding. Mainly, the torsion s is applied in the field of structure determination of proteins using orientational restraints and dynamics to determine protein structures from solid-state NMR. [55, 56] Bates et al. [57] presented a method about the theoretical modeling of biomolecules. They calculated the minimal molecular surface by a mean curvature minimization algorithm. Koh and Kim [58] used the mean curvature to show that the b-sheets in proteins are minimal surfaces. In another study, Koh et al. [59] used the mean curvature to investigate the stability of a residue in a b-sheet. Ranganathan et al. [26] introduced the automated protein structure analysis method based on the calculation of curvature j and torsion s to describe and categorize the conformational features of proteins based on the backbone of the protein. In comparison to previous studies which calculated the curvature j and the torsion s of the secondary structure (e.g., Ref. [26] ), we represented the a-helices by curves which are used for the calculations. The advantage is that we interpreted the a-helices as a whole object element and investigated the alterations of the walls of the Gdomain and not of the periodical helical turns. Employing differential geometry for investigating MH a-helices is a novel approach designed specifically for the characterization of alterations in (TR)/pMH interactions. On the one hand, the method offers the opportunity to analyze subtle changes; on the other hand, obvious changes can be described quantitatively. Our method enables to handle spatial alterations in a structured way, without ambiguous interpretation of a visualization of the molecule. Furthermore, parts of this approach are in principle applicable to helical structures of other protein structures as shown in Supporting Information Figure S14 . Our method is also applicable for other types of secondary structures, for example, p-helices, 3 10 -helices, and b-sheets. The only restriction for using this method is the number of atoms, which are used for constructing the curve, since the degree of the polynomial can only be as high as the number of atoms minus 1.
Differences between pMH and TR/pMH complexes
An aspect of this study was to characterize the differences between pMH bound to a TR and pMH complexes not bound to a TR. As TRs have about the same size as MHs one would expect that the docking of a TR would induce severe conformational changes in the MH. However, only subtle differences in the mean of the parameters (j, s, A GÀdomain , A per Residue , k, and J) between liganded and unliganded pMH complexes could be observed for MH1 ( Figure 3 ) and MH2 ( Figure 4 ). This finding is in agreement with the visual impression of the comparison between the X-ray of HLA-B*08:01 [10] and HLA-B*08:01 bound to the LC13 TR, [60] which also shows only little effect as the MH a-helices. Additionally, the provided IPR of Figures 3 and 4 allow scientists to determine if a new resolved MH complex has extreme properties regarding the geometric parameters (j, s, A GÀdomain , A per Residue , k, and J). This is especially useful, because many published X-ray structures represent extreme configurations and are therefore not a representative state of the natural configuration. [31] Mirroring of torsion between MH1 a-helices An interesting observation is that the torsion s of the two MH1 a-helices is almost mirrored (compare Figures 3B and  3D) : Parts of the helix G-ALPHA1 and helix G-ALPHA2 which are adjacent to the same peptide residue show similar twisting properties. In the MH2 class, such a phenomenon is not observable. An explanation could be that the spatial rearrangements of MH1 a-helices in contrast to MH2 helices are restricted by the closed G-domain and therefore a bulky residue pushes apart the MH helices on both sides.
Effect of TR binding on areas between a-helices in MH1 and MH2
Our analysis of the data (Tables 2 and 4) shows a trend for the area spanned by the MH a-helices: The binding of a TR to MH1 increases the area while the binding of a TR to MH2 decreases the area.
Most flexible parts in a-helices
Our results suggest that parts of the a-helices show a tendency to have more spatial alterations than other parts. We observed the most flexible parts of the helix G-ALPHA1 at the terminal ends (AA 1-5 and AA 28-35, Figure 3A) , as well as AA 11-19 and AA 23-32 ( Figure 3B ). The helix G-ALPHA2 exhibits the biggest differences at the N-terminal end (AA 1-15, Figures 3C and 3D) , as well as at the C-terminal end (AA 27-43, Figure 3D ). The largest variance of the parameters of the ruled surface, describing the arrangement of the a-helices to each other, are found between AA 1-12 and AA 26-32 of helix G-ALPHA1 and AA 6-14 and AA 26-41 of helix G-ALPHA2 (Figures 3E and 3F ). In the MH2 class, we found the biggest variance of the helix G-ALPHA at AA 20-32 ( Figures 4A and 4B) . The helix G-BETA is very flexible, especially at AA 7-19 and the C-terminal end at AA 32-41 ( Figures 4C and 4D) . The largest variance of the parameters of the ruled surface are found between AA 1-10 and AA 24-31 of the helix G-ALPHA and AA 2-11 and AA 19-41 of the helix G-BETA (Figures 4E and 4F ).
Outlier complexes identified by our analysis
For almost all complexes of an MH class, the parameters (j, s, A GÀdomain , A per Residue , k, and J) were quite similar. Nevertheless, Table 5 illustrates some outliers, which behave differently. For example, the TR/pMH2 complex (PDB accession code 3c60) has a severely increased conical curvature J.
Clustering of MH1 alleles independent of presented peptide
Clustering of the calculated parameters of the example Test set 2: MH1 cross evaluation shows that each of the two MH1 types (H2Kb and H-2Db) loaded with four different peptides forms a cluster with regard to the curvature j and torsion s of the helix G-ALPHA1. This is remarkable because the a-helices in the graphical visualization make a very similar impression ( Figure 5D ) and the alterations in the a-helices are known to be subtle. [4] For example, Miller et al. [61] showed that retention of the peptide and a single mutation in the MH complex can cause an altered conformation of the CDR3a loop. On this basis, the shape of the G-domain is likely to influence the CDR. Simultaneously, our test set shows that based on our method, the impact of different peptides on the a-helices and the G-domain can be analyzed as well (e.g., the peptide outlier KAVYNLATM).
Binding of a mutated TR influences the arrangement of the a-helices
In the example Test set 3: different TRs, the binding of a mutated TR influences the arrangement of the a-helices, which became observable in the distribution parameter k and the conical curvature J. Especially by examining the conical curvature J, we noticed that the spherical curve of the MH2 in complex with the YAe62 has a higher conical curvature J. Simultaneously, the distribution parameter k of the MH2 in complex with the YAe62 became earlier torsal than the MH2 in complex with B3K506. In our test set, the highest effect of a different TR binding to pMH is measured in the helix G-BETA. This is a consistent finding since the a-chain of the TR which adjacent to the a-helix G-BETA contains more mutations than the b-chain of the TR (17% vs. 7%, see Methods). This example illustrates that our method is suitable for the analysis of different TRs binding to the same MH.
Quantification of severe helical disruptions
In the example Test set 4: Helical disruption during a Molecular Dynamics simulation, we investigated a severe helical disruption which occurred during an MD simulation. In this case, the disruption was easy to see even with the naked eye. However, our methodology allows scientists to quantify such severe deformations and make them directly comparable to other deformations.
Which parameters are most appropriate for which kind of challenges?
For the analysis of a single part of a protein structure, we recommended to approximate it by a curve and calculate the curvature j and the torsion s. With these two measures, one is able to describe uniquely the underlying geometry. For the analysis of the relative orientation between two structures, we recommend to approximate both structures by curves as in the single structure case but additionally span a ruled surface between them. On this basis, one can calculate the distribution parameter k and the conical curvature J, which describe uniquely the underlying geometry of the ruled surface.
In this study, we found only a minimal trend in the area between the a-helices; nevertheless, these measures may be meaningful for investigation of other complexes, where a contraction or relaxation between two protein structures occurs.
Conclusion
Altogether our structural-based methodology offers a very detailed analysis of the alterations in a-helices for a broad variety of applications. By means of curvature j and torsion s, one is able to investigate the a-helices individually. To investigate the relative position of two a-helices, we provided the ruled surface together with four descriptive parameters (area A GÀdomain , area A per Residue , distribution parameter k, and conical curvature J). On the basis of these parameters, a deeper understanding of the interaction process between TR, peptide and MH is possible. The presented parameters will find a wide field of application, not only in classical TR/peptide/MH interactions, but also in challenges concerning superantigens, nonclassical MH functions, or even for helices not belonging to the MH superfamily.
